GUIDE 98-1

Uncertainty of measurement —

Part 1:
Introduction to the expression of
uncertaintyin measurement

First edition 2009

© ISO/IEC 2009


https://iecnorm.com/api/?name=683d9074743822f5f3bd91c1264ced06

ISO/IEC GUIDE 98-1:2009(E)

PDF disclaimer

This PDF file may contain embedded typefaces. In accordance with Adobe's licensing policy, this file may be printed or viewed but
shall not be edited unless the typefaces which are embedded are licensed to and installed on the computer performing the editing. In
downloading this file, parties accept therein the responsibility of not infringing Adobe's licensing policy. The ISO Central Secretariat
accepts no liability in this area.

Adobe is a trademark of Adobe Systems Incorporated.

Details of the software products used to create this PDF file can be found in the General Info relative to the file; the PDF-creation
parameters were optimized for printing. Every care has been taken to ensure that the file is suitable for use by ISO member bodies. In
the unlikely event that a problem relating to it is found, please inform the Central Secretariat at the address given below.

COPYRIGHT PROTECTED DOCUMENT

© ISO/IEC 2009

All rights reserved. Unless otherwise specified, no part of this publication may be reproduced or utilized in any form or by any means,
electronic or mechanical, including photocopying and microfilm, without permission in writing from either ISO at the address below or
ISO's member body in the country of the requester.

ISO copyright office

Case postale 56 ¢ CH-1211 Geneva 20
Tel. +412274901 11

Fax + 4122749 09 47

E-mail copyright@iso.org

Web www.iso.org

Published in Switzerland

ii © ISO/IEC 2009 — All rights reserved



https://iecnorm.com/api/?name=683d9074743822f5f3bd91c1264ced06

ISO/IEC GUIDE 98-1:2009(E)

ISO/IEC Foreword
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ISO

(the International Organization for Standardization) and IEC (the International Electrotechnical
Commission) form the specialized system for worldwide standardization. National bodies that are members of

or IEC participate in the development of International Standards through technical

committees

established by the respective organization to deal with particular fields of technical activity. ISO and IEC

technical committees collaborate in fields of mutual interest. Other infernational organizations, gd
and|non-governmental, in liaison with ISO and IEC, also take part in the work.
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t Guides adopted by the responsible Committee or Group are circulated to the membérbodie
lication as a Guide requires approval by at least 75 % of the member bodies casting.a vote.

ntion is drawn to the possibility that some of the elements of this document may be the subje
Es. ISO shall not be held responsible for identifying any or all such patent rights.

IEC Guide 98-1 was prepared by Working Group 1 of the Joint Committee for Guides in M
M 104:2009), and was adopted by the national bodies of ISO andIEC.

IEC Guide 98 consists of the following parts, under the generaktitle Uncertainty of measureme
Part 1: Introduction to the expression of uncertainty in measurement

Part 3: Guide to the expression of uncertainty in measurement (GUM:1995)
following parts are planned:

Part 2: Concepts and basic principles

Part 4: Role of measurement uncertainty in conformity assessment

Part 5: Applications of the least-squares method

IEC Guide 98-3 has one 'supplement.

Supplement 1: Propagation of distributions using a Monte Carlo method
following supplements to ISO/IEC Guide 98-3 are planned:

Supplement 2: Models with any number of output quantities

Supplement 3: Modelling
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Given that ISO/IEC Guide 98-1:2009 is identical in content to JCGM 104:2009, the decimal symbol is a point

ont

he line in the English version.

Annex ZZ has been appended to provide a list of corresponding ISO/IEC Guides and JCGM guidance
documents for which equivalents are not given in the text.
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The JCGM’s publications may be translated into languages other than those in which the documents vere
originally published by the JCGM. Permission must be obtained from the JCGM before a translation caph be
made. All translations should respect the original and official format of the fermulae and units (without|any
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All J¢GM’s products are internationally protected by copyright. Fhis translation of the original JCGM
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prote¢ted copyright on the design and content of this docuanent and on the JCGM’s titles, slogan and
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publighed by the JCGM, in the original languages.

The JCGM does not accept any liability for the releyance, accuracy, completeness or quality of the informdtion
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prote¢ted copyriglit on the design and content of this document and on the JCGM’s titles, slogans
and lpgos. The-member organizations of the JCGM also retain full internationally protected right on
their fitleg, slogans and logos included in the JCGM'’s publications. The only official versions are the
originalversions of the documents published by the JCGM.

Disclaimer

The JCGM and its member organizations have published this document to enhance access to information
about metrology. They endeavor to update it on a regular basis, but cannot guarantee the accuracy at all times
and shall not be responsible for any direct or indirect damage that may result from its use. Any reference to
commercial products of any kind (including but not restricted to any software, data or hardware) or links to
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Foreword

In 1997 a Joint Committee for Guides in Metrology (JCGM), chaired by the Director of the BIPM, was created
by the seven international organizations that had originally in 1993 prepared the ‘Guide to the expression of
uncertainty in measurement’ (GUM) and the ‘International vocabulary of metrology — basic and general concepts
and associated terms’ (VIM). The JCGM assumed responsibility for these two documents from the ISO Technical
Advisory Group 4 (TAG4).

The Joint Committee is formed by the BIPM| with the International Electrotechnical Commission (IEC), the
International Federation of Clinical Chemistry and Laboratory Medicine (IFCC), the International Laboratory
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reditation Caoperation (ITAC) the International ﬂrgnni7aﬁnh for Standardization (ISQ) the In

on of Pure and Applied Chemistry (IUPAC), the International Union of Pure and Applied PhySie
the International Organization of Legal Metrology (OIML).

M has two Working Groups. Working Group 1, ‘Expression of uncertainty in meagurement’, h
romote the use of the GUM and to prepare Supplements and other documents forits broad 3
king Group 2, ‘Working Group on International vocabulary of basic and general terins in metrold
the task to revise and promote the use of the VIM. For further information'durthe activity of {
www.bipm.org.

present document has been prepared by Working Group 1 of the JCGN, and has benefited frg
ews undertaken by member organizations of the JCGM.

(IUPAP),

hs the task
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oy (VIM)',
he JCGM,
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This document constitutes one part in a series of JCGM documents under the generic heading Eualuation of

medsurement data. The parts in the series are

— | JCGM 100:2008. Evaluation of measurement data <)Guide to the expression of uncertainty in m¢asurement
(GUM) (see clause [2),

— | JCGM 101:2008. Evaluation of measuremeént data — Supplement 1 to the “Guide to the expression of
uncertainty in measurement” — Propagation of distributions using a Monte Carlo method (see ¢lause [2),

— [ JCGM 102. Evaluation of measurenient data — Supplement 2 to the “Guide to the expression of {incertainty
in measurement” — Models with any number of output quantities,

— [ JCGM 103. Evaluation of measurement data — Supplement 3 to the “Guide to the expression of fincertainty
in measurement” — Modelling,

— | JCGM 104. Evalupation of measurement data — An introduction to the “Guide to the expressiop of uncer-
tainty in measuferment” and related documents [this document],

— | JCGM 105 Evaluation of measurement data — Concepts and basic principles,

— | JCGM 106. Evaluation of measurement data — The role of measurement uncertainty in conformity assess-
ment; and

— JCGM 107. Evaluation of measurement data — Applications of the least-squares method.
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Introduction

A statement of measurement uncertainty is indispensable in judging the fitness for purpose of a measured
quantity value. At the greengrocery store the customer would be content if, when buying a kilogram of fruit,
the scales gave a value within, say, 2 grams of the fruit’s actual weight. However, the dimensions of components
of the gyroscopes within the inertial navigation systems of commercial aircraft are checked by measurement to
parts in a million for correct functioning.

Measurement uncertainty is a general concept associated with any measurement and can be used in professional
decision processes as well as judging attributes in many domains, both theoretical and experimental. As

the tolerances applied in ind al_prod Oon _become more demanding he role of mea o1 en nce linty

becomes 1pnore important when assessing conformity to these tolerances. Measurement uncertainty plays a
central role in quality assessment and quality standards.
Measurement is present in almost every human activity, including but not limited to industrial,»commerycial,
scientific, healthcare, safety and environmental. Measurement helps the decision process in alltthese activities.
Measurement uncertainty enables users of a measured quantity value to make comparisons, in the context of
conformity assessment, to obtain the probability of making an incorrect decision basedlon the measurenjent,
and to manage the consequential risks.

This document serves as an introduction to measurement uncertainty, the GUM and the related docunients
indicated n the Foreword. A probabilistic basis for uncertainty evaluation-is*“used. Annex [A] gives acroryms
and initialisms used in this document.

In future ¢ditions of JCGM 200 (VIM) it is intended to make a cleat distinction between the use of the ferm
error as al|quantity and as a quantity value. The same statement-applies to the term indication. In the cuifrent
document|such a distinction is made. JCGM 200:2008 does ngb distinguish explicitly between these uses.

Vi © ISO/IEC — JCGM 2009 — All rights reserved
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Evaluation of measurement data — An introduction to
the ‘Guide to the expression of uncertainty in
measurement’ and related documents

1 Scope

The Joint Committee for Guides in Metrology (JCGM) has prepared this document to promote the sound
evaJUation of MeasureInent uncertailty through the use of the GUM (see clause ) aid to provide ap introduc-
tior] to the GUM Supplements and other documents JCGM is producing: JCGM 101:2008 (see~clajuse [2) and
references [3], @}, Bl 6} [7].

As In the GUM, this document is primarily concerned with the expression of uncertainty’ relating tp the mea-
sur¢gment of a well-defined quantity—the measurand [JCGM 200:2008 (VIM) 2.3]—that can be chhracterized
by fin essentially unique true value [JCGM 200:2008 (VIM) 2.11 NOTE 3]. The GUM provides a rgtionale for
not|using the term ‘true’, but this term will be kept in this document when theresis otherwise a pogsibility for
amlpiguity or confusion.

The purpose of the GUM Supplements and the other documents produéed by the JCGM is to help with the
intgrpretation of the GUM and enhance its application. The GUM Supplements and the other dochments are
toggther intended to have a scope that is considerably broader thamthat of the GUM.

Thik document introduces measurement uncertainty, the GUNI, and the GUM Supplements and other [documents
thap support the GUM. It is directed predominantly at thé€ measurement of quantities that can be chhracterized
by ¢ontinuous variables such as length, temperature, titwe, and amount of substance.

Thip introductory document is aimed at the following, including but not limited to
— | scientific activities and disciplines in general,
— | industrial activities and disciplines“in general,

— | calibration, testing and inspgection laboratories in industry, and laboratories such as those congerned with
health, safety and environthent, and

— | evaluation and accreditation bodies.

It i3 hoped that it will also be useful to designers, because a product specification that takes better|account of
insppection requitenients (and the associated measurement) can result in less stringent manufacturihg require-
ments. It is als¢ directed at academia, with the hope that more university departments will include fnodules on
megsurement-uncertainty evaluation in their courses. As a result, a new generation of students woulfl be better
arnied t0 understand and provide uncertainty statements associated with measured quantity value$, and thus
gain aw_improved appreciation of measurement.

This introductory document, the GUM, the GUM Supplements and the other documents should be used in con-
junction with the ‘International Vocabulary of Metrology—Basic and general concepts and associated terms’
and all three parts of ISO 3534 cited in clause 2] which define statistical terms (used in statistics and proba-
bility, including applied statistics and design of experiments), and express them in a conceptual framework in
accordance with normative terminology practice. The last consideration relates to the fact that the theoretical
background of evaluation of measurement data and evaluation of the uncertainty of measurement is supported
by mathematical statistics and probability.

© ISO/IEC — JCGM 2009 — All rights reserved 1
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2 Normative references

The following referenced documents are indispensable for the application of this document. For dated references,
only the edition cited applies. For undated references, the latest edition of the referenced document (including
any amendments) applies.

JCGM 100:2008. Evaluation of measurement data — Guide to the expression of uncertainty in measurement
(GUM). Joint Committee for Guides in Metrology.

JCGM 101:2008. Evaluation of measurement data — Supplement 1 to the “Guide to the expression of

uncertainty—in-measurement” - Drnpagafinn of distributions using a Monte Carla method. Joint Commit ee
S

for Guideq in Metrology.

JCGM 200:2008. International Vocabulary of Metrology—Basic and general concepts and associated: termfs
3rd Editiom. Joint Committee for Guides in Metrology

ISO 3534-[1:2006. Statistics — Vocabulary and symbols — Part 1: General statistical terms @nd terms used f[in
probability.

ISO 3534-P:2006. Statistics — Vocabulary and symbols — Part 2: Applied statisties.

ISO 3534-B:1999. Statistics — Vocabulary and symbols — Part 3: Design of expériments.

3 What is measurement uncertainty?

3.1 The purpose of measurement is to provide inforntation about a quantity of interest—a measufand
[JCGM 2(0:2008 (VIM) 2.3]. The measurand might be*the volume of a vessel, the potential differencd be-
tween the|terminals of a battery, or the mass concentration of lead in a flask of water.

3.2 Nd measurement is exact. When a quantity is measured, the outcome depends on the megsur-
ing systern [JCGM 200:2008 (VIM) 3.2], the\mieasurement procedure, the skill of the operator, the ¢nvi-
ronment, and other effects [1]. Even if th€)quantity were to be measured several times, in the same [way
and in th¢ same circumstances, a different indication value [JCGM 200:2008 (VIM) 4.1] (measured quaptity
value [JCGM 200:2008 (VIM) 2.10]) weuld in general be obtained each time, assuming that the measuring|sys-
tem has syifficient resolution to distinguish between the indication values. Such indication values are regapded
as instancgs of an indication quantity.

3.3  The dispersion of thie itdication values would relate to how well the measurement is made. Their avdrage
would prgvide an estimote [ISO 3534-1:2006 1.31] of the true quantity value [JCGM 200:2008 (VIM) 2.11]
that geneinally would{Be*more reliable than an individual indication value. The dispersion and the numbg¢r of
indication| values #ould provide information relating to the average value as an estimate of the true quantity
value. Hoyeveps this information would not generally be adequate.

3.4 The_measnring system may provide indication values that are not dispersed about the true guamtity

value, but about some value offset from it. The difference between the offset value and the true quantity value
is sometimes called the systematic error value [JCGM 200:2008 (VIM) 2.17]. Take the domestic bathroom
scales. Suppose they are not set to show zero when there is nobody on the scales, but to show some value
offset from zero. Then, no matter how many times the person’s mass were re-measured, the effect of this offset
would be inherently present in the average of the indication values. In general, a systematic error, regarded as a
quantity, is a component of error that remains constant or depends in a specific manner on some other quantity.

3.5  There are two types of measurement error quantity, systematic and random [JCGM 200:2008 (VIM) 2.19].
A systematic error (an estimate of which is known as a measurement bias [JCGM 200:2008 (VIM) 2.18]) is
associated with the fact that a measured quantity value contains an offset. A random error is associated with
the fact that when a measurement is repeated it will generally provide a measured quantity value that is different

2 © ISO/IEC — JCGM 2009 — All rights reserved
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from the previous value. It is random in that the next measured quantity value cannot be predicted exactly
from previous such values. (If a prediction were possible, allowance for the effect could be made!) In general,
there can be a number of contributions to each type of error.

3.6 A challenge in measurement is how best to express what is learned about the measurand. Expression of
systematic and random error values relating to the measurement, along with a best estimate of the measurand,
is one approach that was often used prior to the introduction of the GUM. The GUM provided a different
way of thinking about measurement, in particular about how to express the perceived quality of the result of a
measurement. Rather than express the result of a measurement by providing a best estimate of the measurand,
along with information about systematic and random error values (in the form of an ‘error analysis’), the GUM

apl

roach is to express the resnlt of a measnrement as a best estimate of the measnrand, along with an

associated

me
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surement uncertainty.

One of the basic premises of the GUM approach is that it is possible to characterize the (
surement by accounting for both systematic and random errors on a comparable footing, and 2
Uided for doing that (see[2]). This method refines the information previously providédin an ‘errd
puts it on a probabilistic basis through the concept of measurement uncertainty;

Another basic premise of the GUM approach is that it is not possible-to-State how well the
jue true value of the measurand is known, but only how well it is believed to be known. Mg
brtainty can therefore be described as a measure of how well one believes one knows the essenti
value of the measurand. This uncertainty reflects the incomplete-knewledge of the measurand.
belief’ is an important one, since it moves metrology into a realmi~where results of measurement
bidered and quantified in terms of probabilities that express degiees of belief.

The above discussion concerns the direct measurement of a quantity, which incidentally oc
bathroom scales may convert a measured extensign ‘of a spring into an estimate of the meag
s of the person on the scales. The particular relationship between extension and mass is determi
ration [JCGM 200:2008 (VIM) 2.39] of the scalgs!

D A relationship such as that in B9l constitiites a rule for converting a quantity value into the cor
e of the measurand. The rule is usuallytknown as a measurement model [JCGM 200:2008 (V1]
ply a model. There are many types_ofimeasurement in practice and therefore many rules or mo
bne particular type of measurement, there may well be more than one model. A simple model (f
oportional rule, where the mass”is proportional to the extension of the spring) might be sy
yday domestic use. Alternadively, a more sophisticated model of a weighing, involving additi
i as air buoyancy, is capahble) of delivering better results for industrial or scientific purposes. In ge
often several differentnquantities, for example temperature, humidity and displacement, that co
definition of the meastrand, and that need to be measured.

I  Correctiofinterms should be included in the model when the conditions of measurement are no
ulated. Théseerms correspond to systematic error values [JCGM 200:2008 (VIM) 2.17]. Given ¢
correctién)term, the relevant quantity should be corrected by this estimate [JCGM 100:2008 (G
re willkbe an uncertainty associated with the estimate, even if the estimate is zero, as is ofte
antes-of systematic errors arise in height measurement, when the alignment of the measuring

is

uality of a
method is
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basurement
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V) 2.48] or
dels. Even
br example
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ntribute to

exactly as
n estimate
TM) 3.2.4].
h the case.
Instrument

t\perfectly vertical, and the ambient temperature is different from that prescribed. Neither th

alignment

of the instrument nor the ambient temperature is specified exactly, but information concerning these effects
is available, for example the lack of alignment is at most 0.001° and the ambient temperature at the time of
measurement differs from that stipulated by at most 2 °C.

3.12

A quantity can depend on time, for instance a radionuclide decaying at a particular rate. Such an effect

should be incorporated into the model to yield a measurand corresponding to a measurement at a given time.

3.13  As well as raw data representing measured quantity values, there is another form of data that is
frequently needed in a model. Some such data relate to quantities representing physical constants, each of
which is known imperfectly. Examples are material constants such as modulus of elasticity and specific heat.
There are often other relevant data given in reference books, calibration certificates, etc., regarded as estimates
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of further quantities.

3.14  The items required by a model to define a measurand are known as input quantities in a measure-
ment model [JCGM 200:2008 (VIM) 2.50]. The rule or model is often referred to as a functional relation-
ship [JCGM 100:2008 (GUM) 4.1]. The output quantity in a measurement model [JCGM 200:2008 (VIM) 2.51]

is the measurand.

3.15 Formally, the output quantity, denoted by Y, about which information is required, is often re-
lated to input quantities, denoted by Xi,..., Xy, about which information is available, by a measurement
model [JCGM 100:2008 (GUM) 4.1.1] in the form of a measurement function [JCGM 200:2008 (VIM) 2.49]

Y = f(Xy1,...,Xn). (1)
3.16 Al general expression for a measurement model [JCGM 200:2008 (VIM) 2.48 note 1] is

It is taken that a procedure exists for calculating Y given Xi,..., Xy in equation , and that Y is uniquely
defined by| this equation.

3.17 The true values of the input quantities Xi,..., Xy are unknown. In the approach afdvo-
cated, X1,|..., X are characterized by probability distributions [JCGM 1002008 (GUM) 3.3.5, ISO 3534-1:2006
2.11] and freated mathematically as random variables [ISO 3534-1:2006,2-10]. These distributions describg the
respective| probabilities of their true values lying in different intervals, ‘and are assigned based on available
knowledgq concerning Xi,..., Xy. Sometimes, some or all of X4,.%., Xy are interrelated and the releant
distributiqns, which are known as joint, apply to these quantities baken together. The following considerations,
which largely apply to unrelated (independent) quantities, caibe extended to interrelated quantities.

3.18  Cpnsider estimates x1, ...,z N, respectively, of the.input quantities X7, ..., X, obtained from ceftifi-
cates and [reports, manufacturers’ specifications, the andlysis of measurement data, and so on. The probahility
distributiqns characterizing Xi,..., Xy are chosen, stch that the estimates x1,...,xy, respectively, arq the

expectatiops [JCGM 101:2008 3.6, ISO 3534-1:2006"2.12] of X1,..., Xn. Moreover, for the ith input quarftity,
consider a so-called standard uncertainty [JCGM 200:2008 (VIM) 2.30], given the symbol u(z;), defined ad the
standard dleviation [JCGM 101:2008 3.8, ISO 3534-1:2006 2.37] of the input quantity X;. This standard un-
certainty Is said to be associated with the (corresponding) estimate x;. The estimate z; is best in the Sense
that u?(z{) is smaller than the expeeted squared difference of X; from any other value.

3.19  The use of available knowledge to establish a probability distribution to characterize each quantify of
interest applies to the X; aid)also to Y. In the latter case, the characterizing probability distribution f¢r Y
is determiped by the functional relationship or together with the probability distributions for theg Xj;.
The determination of the\probability distribution for Y from this information is known as the propagatiqn of
distributions [JCGMSD1:2008 5.2].

3.20  Prior knowledge about the true value of the output quantity Y can also be considered. For the domgstic
bathroom |scales, the fact that the person’s mass is positive, and that it is the mass of a person, rather fhan

that Of a llutUL L/GJ7 that iD }JCillé ulcaouu:d, Luth \_/Ullbtltutc PliUL kllUWlUdéU d/bUth t}lc PUDle}C V(]/lLAUD U the
measurand in this example. Such additional information can be used to provide a probability distribution for Y’
that can give a smaller standard deviation for Y and hence a smaller standard uncertainty associated with the
estimate of Y [2] 13| 24].

4 Concepts and basic principles

4.1 Further to those in clause Bl fundamental concepts and principles of probability theory that un-
derlie the approach advocated for the evaluation and expression of measurement uncertainty are provided
in JCGM 105:2008 [4].
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4.2  Measurement uncertainty is defined [JCGM 200:2008 (VIM) 2.26] as

non-negative parameter characterizing the dispersion of the quantity values being attributed to a mea-
surand, based on the information used.

This definition is consistent with the considerations of and B.17 to 320

4.3  Two representations of a probability distribution [JCGM 101:2008 3.1, ISO 3534-1:2006 2.11] for a
random variable X are used in uncertainty evaluation:

— [ the distribution function [JCGM 101:2008 3.2, ISO 3534-1:2006 2.7], a function giving, for every value of
its argument, the probability that X be less than or equal to that value, and

— | the probability density function [JCGM 101:2008 3.3, ISO 3534-1:2006 2.26], the derivative of the distribution
function.

4.4] Knowledge of each input quantity X; in a measurement model is often summéarized by the best pstimate x;
and| the associated standard uncertainty u(z;) (secBI8). If, for any ¢ and j, X;.and X; are related (dependent),
the[summarizing information will also include a measure of the strength~of this relationship, spdcified as a
covqriance [ISO 3534-1:2006 2.43] or a correlation. If X; and X, are unfelated (independent), their|covariance
is zpro.

4.5 The evaluation of measurement data, in the context of the\measurement model or , if the use of
avallable knowledge concerning the input quantities X1, ..., X, as represented by the probability distributions
useql to characterize them, to deduce the corresponding disttibution that characterizes the output quantity Y.
Thg evaluation of measurement data might entail det€rmining only a summarizing description of the latter
distribution.

4.6 Knowledge about an input quantity X s inferred from repeated indication values (Type A eval-
uatfon of uncertainty) [JCGM 100:2008 (GUM) 4.2, JCGM 200:2008 (VIM) 2.28], or scientfific judge-
ment or other information concerning thievpossible values of the quantity (Type B evaluation| of uncer-
tainty) [JCGM 100:2008 (GUM) 4.3, JCGM 200:2008 (VIM) 2.29].

4.7] In Type A evaluations of measurement uncertainty [JCGM 200:2008 (VIM) 2.28], the assumptfon is often
magle that the distribution begt.describing an input quantity X given repeated indication values of it (obtained
ind¢pendently) is a Gaussian‘distribution [ISO 3534-1:2006 2.50]. X then has expectation equal to fhe average
indjcation value and standard deviation equal to the standard deviation of the average. When the fincertainty
is epaluated from a smallkhumber of indication values (regarded as instances of an indication quantjity charac-
terifed by a Gaussidn distribution), the corresponding distribution can be taken as a t-distribution |[ISO 3534-
1:2006 2.53]. Figure|l| shows a Gaussian distribution and (broken curve) a t-distribution with four| degrees of
freedom. Othet/eonsiderations apply when the indication values are not obtained independently.

4.8 Fera Type B evaluation of uncertainty [JCGM 200:2008 (VIM) 2.29], often the only available ihformation
is that X~lies in a specified interval [a, b]. In such a case, knowledge of the quantity can be charafterized by
a rG(‘fa'ngn]m“ probability distribution [TPGM 100:2008 (GUM) 437 ISO 3534-1-2006 2 60] with limits a and
b (figure . If different information were available, a probability distribution consistent with that information
would be used [26].

4.9  Once the input quantities X1, ..., Xy have been characterized by appropriate probability distributions,
and the measurement model has been developed, the probability distribution for the measurand Y is fully
specified in terms of this information (also see[3.19). In particular, the expectation of Y is used as the estimate
of Y, and the standard deviation of Y as the standard uncertainty associated with this estimate.

4.10  Figure (3| depicts the additive measurement function Y = X7 + X5 in the case where X; and X5 are each
characterized by a (different) rectangular probability distribution. Y has a symmetric trapezoidal probability
distribution in this case.
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! ! Y = X1 + X2 —A
Figure 3 — An additive measurement function with two input quantities X; and X, characterized by

rectangular probability distributions

4.11  Often an interval containing Y with a specified probability is required. Such an interval,|a coverage
intdroal [JCGM 200:2008 (VIM) 2.36], can be deduced from the probability distribution for'Y. THe specified
probpability is known as the coverage probability [JCGM 200:2008 (VIM) 2.37].

4.12  For a given coverage probability, there is more than one coverage intervalg

a) | the probabilistically symmetric coverage interval [JCGM 101:2008 3.15], for which the probabilities (sum-
ming to one minus the coverage probability) of a value to the left dnd-the right of the interval are equal,
and

b) [ the shortest coverage interval [JCGM 101:2008 3.16], for whichithe length is least over all coverage intervals
having the same coverage probability.

4.18 Figure |4 shows a probability distribution (a t¢Puncated and scaled Gaussian distribution} indicated
by the decreasing curve) with the endpoints of the shortest (continuous blue vertical lines) and those of the
probpabilistically symmetric (broken red vertical liés) 95 % coverage intervals for a quantity charafterized by
thig distribution. The distribution is asymmetric.&f1d the two coverage intervals are different (most ndtably their
right-hand endpoints). The shortest coverage Titerval has its left-hand endpoint at zero, the smalldst possible
valye for the quantity. The probabilisticallys symmetric coverage interval in this case is 15 % longgr than the
shortest coverage interval.

4.1  Sensitivity coefficients cpl.. ., ey [JCGM 100:2008 (GUM) 5.1.3] describe how the estimfite y of ¥
would be influenced by small «changes in the estimates x1,...,xy of the input quantities X;,..., Xy. For
the|measurement function , c; equals the partial derivative of first order of f with respect to X} evaluated
at X1 = x1, Xo = xs, etc.oFor the linear measurement function

Y201X1+'~'+CNXN, (3)

with X7,..., Xa<independent, a change in z; equal to u(z;) would give a change c;u(x;) in y. Thiq statement
would generally be approximate for the measurement models and (see[C2.4). The relative magnitudes of
thelterms {¢;lu(x;) are useful in assessing the respective contributions from the input quantities to tHe standard
uncprtainty u(y) associated with y.

4.15  The standard uncertainty u(y) associated with the estimate y of the output quantity Y is not given by
the sum of the |¢;|u(z;), but these terms combined in quadrature [JCGM 100:2008 (GUM) 5.1.3], namely by
(an expression that is generally approximate for the measurement models and )

u?(y) = ciu?(z1) + -+ Rud(zn). (4)

4.16  When the input quantities X; contain dependencies, formula is augmented by terms containing
covariances [JCGM 100:2008 (GUM) 5.2.2], which may increase or decrease u(y).

4.17  According to Resolution 10 of the 22nd CGPM (2003) “ ...the symbol for the decimal marker shall be
either the point on the line or the comma on the line ...”. The JCGM has decided to adopt, in its documents
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Figure § — Shortest 95% coverage interval (endpoints shown by continuous blue vertical lines) and

probapilistically symmetric 95% coverage interval (broken red) for)a quantity characterized by 3
truncated and scaled Gaussian distribution (‘unit’ denotes any unit)

in Englishl the point on the line.

5 Stages of uncertainty evaluation

5.1  The main stages of uncertainty evaluation constitute formulation and calculation, the latter consigting
of propagdtion and summarizing.

5.2 Thp formulation stage (see clause [§) constitutes

a) definipg the output quantity¥" (the measurand),

b) identifying the input quantities on which Y depends,

c) develpping a nreasurement model relating ¥ to the input quantities, and

d) on the basislf available knowledge, assigning probability distributions — Gaussian, rectangular, etc. 4 to
the igput-quantities (or a joint probability distribution to those input quantities that are not independ¢nt).

5.3  The calculation stage (see clause [1) consists of propagating the probability distributions for the input
quantities through the measurement model to obtain the probability distribution for the output quantity Y,
and summarizing by using this distribution to obtain

a) the expectation of Y, taken as an estimate y of Y,

b) the standard deviation of Y, taken as the standard uncertainty wu(y) associated with y
[JCGM 100:2008 (GUM) E.3.2], and

¢) a coverage interval containing Y with a specified coverage probability.
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6 The formulation stage: developing a measurement model

6.1  The formulation stage of uncertainty evaluation involves developing a measurement model, incorporat-
ing corrections and other effects as necessary. In some fields of measurement, this stage can be very diffi-
cult. It also involves using available knowledge to characterize the input quantities in the model by proba-
bility distributions. JCGM 103 [6] provides guidance on developing and working with a measurement model.
The assignment of probability distributions to the input quantities in a measurement model is considered
in JCGM 101 [JCGM 101:2008 6] and JCGM 102 [5].

6.2 A measurement model relating the input quantities to the output quantity is initially developed. There
might he mare than one output gquantity (see [fH) The model is formed on thearetical or empirical grounds
or both, and generally depends on the metrology discipline, electrical, dimensional, thermal, m@asg, etc. The
modlel is then augmented by terms constituting further input quantities, describing effects that influence the
megsurement. JCGM 103 [6] provides guidance on handling these additional effects, which may be ¢ategorized
intd random and systematic effects.

6.3| JCGM 103 considers broader classes of measurement model than does the GUM; categorizing the model
accprding to whether

a) | the quantities involved are real or complex,
b) | the measurement model takes the general form or can be expressed as a measurement functipn , and
c¢) | there is a single output quantity or more than one output guaiitity (see [G.5]).

In dategory (a), complex quantities occur especially in eleettical metrology, and also in acoustical and optical
metrology. In category (b), for a measurement function the output quantity is expressed directly ag a formula
invglving the input quantities, and for a general m€asurement model an equation is solved for the output
quantity in terms of the input quantities (see [6.5]).

6.4 Examples from a range of metrology disciplines illustrate various aspects of JCGM 103. Gpidance on
numerical analysis aspects that arise in treating these examples is given. Guidance also includes|the use of
chahges of variables so that all or some.gf\the resulting quantities are uncorrelated or only weakly dorrelated.

6.5| The GUM and JCGM 101:2008 concentrate on measurement models in the form of measuremert functions
havjng a single output quantity~¥’. Many measurement problems arise, however, for which there is|more than
one| output quantity, depending on a common set of input quantities. These output quantities are denoted
by V1,..., Y. Instances.include (a) an output quantity that is complex, and represented in t¢rms of its
reall and imaginary components (or magnitude and phase), (b) quantities representing the paramheters of a
calipration function(and (c) quantities describing the geometry of the surface of an artefact. The [GUM does
not|directly address such models, although examples are given concerning simultaneous resistance angl reactance
megsurement {JCGM 100:2008 (GUM) H.2] and thermometer calibration [JCGM 100:2008 (GUM) H.3].

6.6 The formulation phase of uncertainty evaluation for the case of more than one measurand i consistent
with that“for a measurement model with a single measurand: it comprises developing a model angl assigning
probability distributions to the input guantities based on available knowledge. As for a measurenhent model
with a single output quantity, there is an estimate of each input quantity and a standard uncertainty associ-
ated with that estimate (and possibly covariances associated with pairs of estimates). Furthermore, since in
general each output quantity depends on all the input quantities, in addition to determining estimates of these
output quantities and the standard uncertainties associated with these estimates, it is required to evaluate the
covariances associated with all pairs of these estimates.

6.7  The counterpart of the measurement function for a number m of output quantities is
Yizfl(Xla"'aXN)7 }/2:f2(X1a"'7XN)a ey Ym:fm(X17"'7XN)a (5)

in which there are m functions fi,..., f;,. Figure 5] illustrates such a measurement function.
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X, — v
Y1 = fi(X1, X2, X3) !
Ya = fa(X1, X2, X3)

Xy —

Y5

X3 ——

Figure 5 — A measurement function with three input quantities X;, X2 and X3, and two output
quantities Y; and Y

6.8 Multistage measurement models, where the output quantities from previous stages become the input
quantities|to subsequent stages, are also treated in JCGM 103. A common example of a multistage measurerhent
model reldtes to the construction and use of a calibration function [JCGM 200:2008 (VIM) 2.39] (see_fignt [6)):

a) Giver] quantity values provided by measurement standards, and corresponding indication values provided
by a measuring system, determine estimates of the parameters of the calibration functicus” The stanflard
uncerpainties associated with the measured quantity values and the indication values give rise to stanflard
uncerfainties associated with these estimates and in general with covariances associateéd with all paits of
these |estimates;

w

b) Giver] a further indication value, evaluate the calibration function to provide_fhe corresponding measpred
quantfity value. This step involves the inverse of the calibration functien The standard uncertaifties
and cpvariances associated with the estimates of the parameters of thé calibration function, together with
the sffandard uncertainty associated with the further indication value/ give rise to a standard uncertginty
assocjated with this measured quantity value.

quantity values provided by measurement
standards and corresponding indication values

l

estimates of parameters

of calibratien function

further
indication value

estimate of measured quantity value

corresponding to further indication value

Figurp 6 — Artwo-stage measurement model for a calibration function in which quantity values
provided by-measurement standards and corresponding indication values are used to establish
estimatles of the parameters of the calibration function, which, given a further indication value, afe

used to estimate the corresponding measured quantity value

7 The calculation (propagation and summarizing) stage of uncertainty evaluation
7.1 General

7.1.1 The propagation stage of uncertainty evaluation is known as the propagation of distribu-
tions [JCGM 101:2008 5.2], various approaches for which are available, including

a) the GUM uncertainty framework, constituting the application of the law of propagation of uncertainty, and
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the characterization of the output quantity ¥ by a Gaussian or a ¢-distribution (see [[2),

analytic methods, in which mathematical analysis is used to derive an algebraic form for the probability
distribution for Y (see[Z3)), and

a Monte Carlo method (MCM), in which an approximation to the distribution function for Y is established
numerically by making random draws from the probability distributions for the input quantities, and
evaluating the model at the resulting values (see [[]).

7.1.2  For any particular uncertainty evaluation problem, approach a), b) or ¢) (or some other approach) is

use
be

7.1
titid

7.2

7.2
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7.2
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AW N 11 + 4 1L 4 <l AY el loads ] M 1 that can
[0, DCIITE BCTICT ATy - AP PTOXTHTIATCT O~ CXaC Ty alrad O PTOVIATIITIE —a SOTO tIOI WITIT & TUIIICTTCa actaT an y

ontrolled.

3 The application of approaches a) and c) to measurement functions with any numbet/of oufput quan-

s, and general measurement models, is considered in
The GUM uncertainty framework

1 The GUM uncertainty framework [JCGM 100:2008 (GUM) 3.4.8(5,1] (depicted in figure[7) uses

the best estimates x; of the input quantities X,

the standard uncertainties u(x;) associated with the xz;, and

the sensitivity coefficients c¢; (see E14)

brm an estimate y of the output quantity Y and.the associated standard uncertainty u(y).

2 A variant [JCGM 100:2008 (GUM) 5:2] of [L2.1] applies when the input quantities are mutuplly depen-

b (not indicated in figure E[) By regarding\the probability distribution for Y as Gaussian, a covergge interval

}” corresponding to a specified coveragéprobability is also determined [JCGM 100:2008 (GUM) (.2]. When

degrees of freedom [ISO 3534-1:2006"2.54] relating to any u(x;) is finite, an (effective) degrees [of freedom
ting to u(y) is determined, and the probability distribution for ¥ taken as a t-distribution.

3  There are many cir¢umstances where the GUM uncertainty framework [JCGM 100:2008| (GUM) 5]
be applied and leads to*valid statements of uncertainty. If the measurement function is linear i the input

quantities and the probability distributions for these quantities are Gaussian, the GUM uncertainty |framework

pro
Ao

7.2
whg

Uides exact results\[JCGM 101:2008 5.7]. Even when these conditions do not hold, the approacl can often
k sufficiently wellHor practical purposes [JCGM 101:2008 5.8].

4  There'are situations where the GUM uncertainty framework might not be satisfactory, inclyding those
re

the/measurement function is non-linear,

)

the probability distributions for the input quantities are asymmetric,

the uncertainty contributions |ci|u(xy),...,|en|u(zy) (see [EId]) are not of approximately the same mag-
nitude [JCGM 100:2008 (GUM) G.2.2], and

the probability distribution for the output quantity is either asymmetric, or not a Gaussian or a
t-distribution.

Sometimes it is hard to establish in advance that the circumstances hold for the GUM uncertainty framework
to apply.
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measurement R Lo 1
Inputs function Y — estimates x1,...,TN standard uncertainties ' degrees of coverage
f(X1,..., XN) of X1,...,Xn u(z1),..., u(zN) | freedom vy, ..., vN probability p

n

| :
partial derivatives "
of model "

] ::

sensitivity coefficients "
Cly...,CN "

T u

Outputs | ¢stimate y = f(z1,...,zN) of Y‘ ’standard uncertainty u(y)‘ p

‘ effective degrees of freedom ’

!

' coverage factor k

|

!

’ expanded uncertainty U ‘

Output ’ coverage interval y + U for Y ‘

Figure T — Measurement uncertainty evaluation using the-GUM uncertainty framework, where the
top-left jpart of the figure (bounded by broken lines) relates/to obtaining an estimate y of the output

qupntity Y and the associated standard uncertainty u(y), and the remainder relates to the
determination of a coverage interval for YV

7.2.5  The use of the GUM uncertainty framework becomes more difficult when forming partial derivapives
(or numerfical approximations to them) for & measurement model that is complicated, as needed by the| law
of propaggtion of uncertainty (possibly, with higher-order terms) [JCGM 100:2008 (GUM) 5]. A valid|and
sometimeq more readily applicable treafment is obtained by applying a suitable Monte Carlo implementdtion
of the propagation of distributions (see[7.4).

7.3 Analytic methods

7.3.1  Analytic methods by which an algebraic form for the probability distribution for the output quantity
can be obfained dg_not introduce any approximation, but can be applied only in relatively simple caseq. A
treatment|of such ethods is available [8] [12]. Some cases that can be so handled for a general numbgr N
of input quafitities are linear measurement functions (expression )7 where the probability distributiong for
all input quantities are Ganssian_or all are rp(“rnngn]m" with the same width — An instance with two ihput
quantities (N = 2), for which the probability distributions for the input quantities are rectangular, and the
probability distribution for the output quantity is trapezoidal [I0], is illustrated in figure

7.3.2 Cases where there is one input quantity (N = 1) can often be treated analytically, using a for-
mula [25] pages 57-61] to derive algebraically a probability distribution for the output quantity. Such cases
arise in the transformation of measurement units, for example from linear to logarithmic units [I0, pages 95—
9g].

7.3.3  An advantage of an algebraic solution is that it provides insight through displaying the dependence of
the probability distribution for the output quantity on parameters of the probability distributions for the input
quantities.

12 © ISO/IEC — JCGM 2009 — All rights reserved


https://iecnorm.com/api/?name=683d9074743822f5f3bd91c1264ced06

JCGM 104:2009 ISO/IEC GUIDE 98-1:2009(E)

7.4 Monte Carlo method

7.4.1  JCGM 101:2008 provides detailed information on MCM as an implementation of the propagation of
distributions [JCGM 101:2008 5.9]. MCM has fewer conditions associated with its use than the GUM uncertainty
framework [JCGM 101:2008 5.10]. Figure [§] illustrates the procedure. JCGM 101:2008 gives examples to
compare MCM with the use of the GUM uncertainty framework [JCGM 101:2008 9].

7.4.2 JCGM 101:2008 provides an adaptive MCM procedure, in which the number of Monte Carlo trials is
determined automatically by utilizing a measure of convergence of the overall process [JCGM 101:2008 7.9].

7.4 2 1EEN J(“CI\/{ 1012008 th“r 1o o oo duarathat 11cac 1\/{(*1\/[ 3 dn 1dn 'r"x'rh th E thn onnlication the GUM

o TPt CrerrC—rrorr—tis e TP PTITCTrTTOoTT

uncprtainty framework in any particular case is valid [JCGM 101:2008 8.

measurement . :
I t function Y = probability number M of : Joverva'ge
nputs f(X1,...,XnN) distributions for the X; Monte Carlo trials ' prpbability p
} } :
]
M draws of X1,..., Xy from the i
corresponding probability distributions 4
l :
]
M measurement function values :
corresponding to these draws :
’ '
1
: }
" sorted measurement
: function values:
' |discrete representation of|the
v | distribution function for|Y
estimate y of Y and associated ' l
Odtputs . ! -
standard uncertainty (¢) : coverage interval [for Y
Figure 8 — Measurement uncertainty evaluation using a Monte Carlo method, where the part of the

figyre to the left of the broken.line relates to obtaining an estimate y of the output quantity [\ and the
gssociated standard uncertainty u(y), and the remainder relates to the determination of a doverage
interval for Y

7.5 Measurement models with any number of output quantities

7.5]1<¢, 1 order to evaluate the uncertainties and covariances associated with estimates of the outpuf quantities
for measurement models with any number of output quantities hoth the GUM uncertainty frameworkland MCM,

as treated in JCGM 101:2008, require extension. The GUM [JCGM 100:2008 (GUM) F.1.2.3] outlines such an
extension of the GUM uncertainty framework, but considers it further only in examples.

7.5.2 In JCGM 102 [5], it is stated that the law of propagation of uncertainty, a main constituent of the GUM
uncertainty framework, can succinctly be expressed in an equivalent matrix form when applied to a measurement
model having a single output quantity. The matrix expression has the advantage of being suitable as a basis
for implementation in software, and for extension to more general types of measurement model.

7.5.3  That extension is given in JCGM 102 for a measurement function having any number of output
quantities. The extension to any number of output quantities in a general measurement model (see [3.10)) is also
treated in JCGM 102.
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7.5.4 JCGM 102 also applies MCM to measurement models with any number of output quantities. A discrete
representation of the probability distribution for the output quantities is provided. Expressions are given for
the estimates of the output quantities, the standard uncertainties associated with these estimates, and the
covariances associated with pairs of these estimates in terms of that representation.

7.5.5  In addition to obtaining estimates of the output quantities, together with the associated standard
uncertainties and covariances, it might be required to obtain a region containing the output quantities with
a specified (coverage) probability. It is natural to consider the extension to regions of the probabilistically
symmetric coverage interval and the shortest coverage interval. However, there is no natural counterpart of a
probabilistically symmetric coverage interval in the form of a coverage region, whereas there is for a shortest
coverage interval. The determination of a smallest caverase recsion is generally a diffienlt task

7.5.6 In some circumstances, it is reasonable to provide an approzimate coverage region havingJsimple
geometric|shape. Two particular forms of coverage region are considered in this regard. One form re¢sults from
characteriping the output quantities by a joint Gaussian distribution, for example on the basis of ‘the ceptral
limit theotem [JCGM 100:2008 (GUM) G.2], in which case the smallest coverage region is bouiided by a hyper-
ellipsoid. The other form constitutes a hyper-rectangular coverage region. Procedures for obtdining these fgrms
are provided in JCGM 102.

8 Medsurement uncertainty in conformity assessment

8.1  Conformity assessment is an area of importance in manufacturing-quality control, legal metrology,|and
in the maintenance of health and safety. In the industrial inspection of<manufactured parts, decisions are rhade
concerning the compatibility of the parts with the design specification. Similar issues arise in the context of
regulation| (relating to emissions, radiation, drugs, doping control;etc.) concerning whether stipulated limitg for
true quantity values have been surpassed. Guidance is providéd in JCGM 106 [7]. Also see reference [18].

8.2  Mgdasurement is intrinsic to conformity assessment in deciding whether the output quantity, or megsur-
and, confdrms to a specified requirement. For a single’quantity, such a requirement typically takes the form
of specifichtion limits that define an interval of permissible quantity values. In the absence of uncertainty, a
measured [quantity value lying within this intervaPis said to be conforming, and non-conforming otherwise. [The
influence df measurement uncertainty on the inspéction process necessitates a balance of risks between prodycers
and consujners.

8.3 The possible values of a quantity Y of interest are represented by a probability distribution. |[The
probability that Y conforms to speécification can be calculated, given this probability distribution and| the
specificatipn limits.

8.4  Befause of the inceniplete knowledge of the quantity Y (as encoded in its probability distribution),
there is a|risk of a mistakén decision in deciding conformity to specification. Such mistaken decisions ate of
two types] a quantity accepted as conforming might actually be non-conforming, and a quantity rejected as
non-conforming mhight actually conform. The related risks correspond, respectively, to consumer’s risk|and
producer’d risk((see JCGM 106).

8.5 By L‘ltﬁﬁllillg all U;(I(IC}IL’U/ILLC L’IHI/CI UU/Z Uf dbbﬁptdblﬁ lllﬁdbulﬁd quauti‘by Vdrlulib, L}lU J.ib}&b Uf a lllib‘biken
decision concerning acceptance or rejection can be balanced so as to minimize the costs associated with these
decisions [19]. The problem of calculating the conformity probability and the probabilities of the two types of
mistaken decision, given the probability distribution, the specification limits, and the limits of the acceptance
interval is addressed in JCGM 106. The choice of acceptance interval limits is a matter that depends on the
implications of these mistaken decisions.

8.6  Although the probability distribution in B3| to is general, the treatment is then specialized

in JCGM 106 to the most important case in practice, namely, when the probability distribution is Gaussian.
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9.1

Applications of the least-squares method

Guidance on the application of the least-squares method (also known as least-squares adjustment) to data
evaluation problems in metrology is provided in JCGM 107 [3]. In such problems there is often an underlying
theoretical relationship between an independent variable and a dependent variable. This relationship constitutes
the basis of a parameter adjustment or curve-fitting problem. The input quantities in the related measurement
model are the quantities of which the measured values of the independent and dependent variables are outcomes.
The output quantities are the quantities representing the required parameters. The manner in which the output
quantities are obtained from the input quantities by means of a least-squares procedure defines the measurement
model.
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In calibration terminology (see[G.8)), a measured quantity value of an independent variable wou
hat of a measurement standard. The value of the dependent variable would be an indicatien\vall
he measuring system for the corresponding value of the independent variable. In the curye-fitti
ch includes calibration as a special case, the adjustment procedure used in JCGM 107 is argeneralj
he usual least-squares procedure.

The task is to estimate the parameters (and sometimes even their number) from pairs o
brtainties and, when appropriate, covariances, constitute the input data tothe adjustment.

Typical measurement problems to which JCGM 107 can be applied include (a) linear or non-li
ng problems, including the case of imperfectly known values of the independent variable, and (
bral models to estimate parameters in a physical process. The application of JCGM 107 is not ré
Fe-fitting problems in the strictest sense. It can also be used(to treat, for instance, convolution prg
adjustment of fundamental constants [22], and key comparison data evaluation [9].

For problems of type (a) in[3.4] once the least-sguares method has been used to estimate the
calibration function and evaluate the associated standard uncertainties and covariances, the
em will subsequently be used for measurement? The estimates of the parameters of the calibratio
bther with a particular indication value, are‘then used to estimate the corresponding quantity.
l uncertainty associated with this estimnate is evaluated using the standard uncertainties and
ciated with the parameter estimates\anid the standard uncertainty associated with the indicatio

It is emphasized in JCGM, 107 that the uncertainty structure should be taken fully into acd
hulating and solving the leastssquares problem. ‘Uncertainty structure’ refers to the standard uj
ciated with the measured.quantity values and indication values and any covariances associated
hese values.

For problem§ of ‘type (b) in [04] or in terms of determining the parameters in problems o
adjustment preblem is rarely a problem in only one output quantity. Rather, the problem
hber of output quantities in which the mathematical formulation can conveniently be expresse
hatrices, (JOGM 107 makes extensive use of matrix formalism, which is well adapted to numeri
g a gemiputer, as usually required in practice (also see [Z.H)).
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